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MACHINE DYNAMICS 

 

SHEET 3: KINEMATICS OF LINKAGE MECHANISMS - SOLUTION 

1) Velocity Analysis 

 

Velocity components shown 

Velocity of A is calculated by noticing that it is the same as the vertical component of the 

velocity of P relative to fixed point O. i.e. 

𝑉𝐴 = 𝑉𝑃𝑂cos30o      (1) 

where POV  is the tangential of P having magnitude  

𝑉𝑃𝑂 = 𝑟𝜔 = 0.12 m/s 

Using equation (1) gives 

𝑉𝐴 = 𝑟𝜔 cos 30o = 0.104 m/s 

The direction of the velocity is downwards. 
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Acceleration Analysis

 

Acceleration components shown 

Acceleration of A is calculated by noticing that it is the same as the vertical component 

of the acceleration of P relative to fixed point O. i.e. 

𝑎𝐴 = 𝑎𝑃𝑂sin30o      (2) 

where POa  is the centripetal acceleration acting towards O with magnitude  

𝑎𝑃𝑂 = 𝑟𝜔2 = 0.72 m/𝑠2 

Using equation (2) gives 

𝑎𝐴 = 𝑟𝜔2 sin 30o = 0.36 m/𝑠2 

The direction of the acceleration is downwards. 
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2) 

Velocity Analysis 

 

Velocity components shown 

Velocity of B calculated using vector equation: 

BAAB vvv        (1) 

Resolve Eq.(1) in horizontal direction 

→+ Σ𝑋:      0 = −5 + 𝑉BA sin 30o 

so 

𝑉B𝐴 = 5/ sin 30o = 10m/s 

Also 

ω=
𝑉B𝐴

𝐴𝐵
= 10/0.5 = 20rad/s 

Resolve Eq. (2) in vertical direction 

  ↑+ Σ𝑌:      𝑉B = 0 + 𝑉BA cos 30o 

So 

𝑉B = 10 cos 30o = 8.66m/s 
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The velocity of B can also be calculated from the instantaneous centre of rotation for link 

AB. At the instant shown the instantaneous centre is 

  

Velocity components shown 

Since 𝑉𝐴 = 𝑟𝑣𝜔 then 𝜔 = 5/(0.5𝑠𝑖𝑛30)=20 rad/s 

Since 𝑉𝐵 = 𝑟ℎ𝜔 then 𝑉𝐵 = (0.5𝑐𝑜𝑠30)20=0.866 m/s 

 

Acceleration Analysis 

 

Acceleration components shown 

The acceleration of B is calculated using vector equation 

𝒂B = 𝒂A + 𝒂BA
n + 𝒂BA

t      (2) 

Resolving Eq.(2) in horizontal direction gives 

 →+ Σ𝑋:   0 = 0 + 𝑎BA
n cos 30o + 𝑎BA

t sin 30o 
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𝑎BA
n = 𝜔2. 𝐴𝐵 = 200 m/s2

 

𝑎BA
t = 𝛼. 𝐴𝐵 = 0.5 𝛼 



i.e.     0 = 0 + 200 cos 30o + 0.5𝛼 sin 30o 

Hence 𝛼 = −692.8rad/s2. i.e angular acceleration is positive in the opposite direction to 

that shown in the figure.  

Resolving Eq.(2) in vertical direction gives 

 ↑+ Σ𝑌:      𝑎B = 0 − 𝑎BA
n sin 30o + 𝑎BA

t cos 30o 

i.e.     𝑎B = 0 − 200 sin 30o + 0.5(−692.8) cos 30o 

Hence 𝑎B = −400m/s2. 

 

  



3) 

 

Velocity components shown 

OA=0.05 m 

AB=0.09 m 

30sinsin OAABh     so 
128.16   [or use sine rule] 

The angular velocity of the crank is rad/s4.209)60/2(2000    

The tangential velocity of A is m/s47.104.209x05.0  OAVA  

The velocity of B can be calculated using vector equation: 

BAAB vvv   

The velocity of B can be calculated easily by considering the velocity components of this 

equation parallel to (i.e. along) AB, i.e. 

BAAB vvv   

i.e.  0)cos(128.16cos  AB VV  

Noting that it can be shown that 
872.43 , then  

m/s86.7
13.16cos

87.43cos
47.10 BV  

The angular velocity of AB can be calculated by considering the velocity components of 

the velocity vector equation perpendicular to AB, i.e. 

BAAB vvv   

i.e. BAAB VVV  )sin(128.16sin   

Re-arranging and substituting known values gives: 

m/s 44.9)87.43sin(47.1013.16sin86.7 BAV  
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Noting that ABBAV 09.0 , then 

rad/s 9.104
09.0

44.9
AB  

  



4)  

Velocity Analysis 

 

Velocity Components shown 

The angular velocity of the crank is rad/s4.52)60/2(500   . 

The velocity of B is m/s24.54.2x51.0  ABVB  

The angular velocity of the output crank can be obtained by noticing that the output 

crank is in pure rotation about D.  This means that the velocity of C relative to D ( CV ) is 

tangential to the crank, i.e: outC CDV  , where out  is the angular velocity of the output 

crank. 

The velocity of C (relative to fixed point A) can be calculated using the velocity vector 

equation:  

CBBC vvv   

Noting that BC  produces tangential velocity CBV  and is not known, it is necessary to 

resolve the above equation parallel to BC to get an equation in terms of CV  – this 

eliminates the need to consider CBv .  This gives: 

CBAC vvv   

050cos20cos  BC VV  

Substituting values gives: 

m/s 58.3
20cos

50cos24.5
CV  

Noting from earlier that outC CDV  , then: 

489rev/min51.2rad/s
07.0

 58.3
out  
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5) 

 

 

Velocity components shown 

AB=0.05 m 

BC=0.17 m 

Using the sine rule 
BCAB

60sinsin



  so 

757.14  

The angular velocity of the crank is rad/s300  

The tangential velocity of B is m/s15x30005.0  ABVB  

The angular velocity of C is needed for acceleration calculations and can be calculated 

using vector equation: 

CBBC vvv   

The angular velocity of BC can be calculated easily by considering the velocity 

components vertically, i.e. 

CBBC vvv   

i.e. cos60cos0 CBB VV   

Re-arranging and substituting gives: 

m/s 756.7
757.14cos

60cos
15 CBV  
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Noting that BCCBV 17.0 , then 

rad/s 62.45
17.0

756.7
BC  

 

 

Acceleration components shown 

where 
222 m/s4500x30005.0  ABaB , 

222 m/s8.353x45.6217.0  BC

n

CB CBa  , 

BCBC

t

CB CBa  17.0 . 

The acceleration of C is calculating using acceleration vector equation 

𝒂C = 𝒂B + 𝒂CB
n + 𝒂CB

t      (2) 

Resolving Eq.(2) in the vertical direction gives: 

 cossin60sin0 2

BCBCB CBCBa   

Substituting numerical values gives: 

757.14cos17.0757.14sin8.35360sin45000 BC  

It can be shown that 
2rad/s23158BC  

Resolving Eq.(2) parallel (i.e. along) link BC (C to B +ve) gives: 

2)60cos(cos BCBC CBaa    

Substituting numerical values gives: 

8.353)757.74cos(4500757.14cos Ca  

It can be shown that 
2m/s1589Ca . 
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6) 

 

OA=0.5m 

AB=1.5m 

BC=1.0m 

CO=1.5m 

AD=OAsin20=0.1710m 

OD=OAcos20=0.4698m 

CD=CO–OD = 1.030m 

AC=
22 ADCD  =1.044 m 

Using the cosine rule 

7200.0
)1)(5.1(2

044.115.1
cos

222




  so 
94.43  

07666.0
)1)(044.1(2

5.11044.1
cos

222




  so 
40.94  

Using the sine rule 
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044.1

94.43sin
0.1sin   so 

66.41  

Check that 180   

030.1

1710.0
tan 

CD

AD
  so 

43.9  

91.108)90180()9020180(    

To calculate the acceleration we need the acceleration of A and B.  The acceleration of A 

can be calculated because OA rotates at constant angular speed, but to calculate the 

acceleration of B we need to calculate the angular velocity of link BA – it is also helpful 

to calculate the angular velocity of link BC.  We start by considering velocity of B to 

calculate the angular velocity of link BA and the angular velocity of link BC.   

 

Velocity Analysis 

The angular velocity of the crank is rad/s57.12)60/2(120  OA  

The tangential velocity of A is m/s285.657.12x5.0  OAA OAV   

The velocity of B can be determined using vector equation: 

BAAB vvv   
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Resolving this equation along AB gives: 

BAAB vvv   

i.e. )90cos()90cos(   BA VV  

Substituting values gives: 

)94.4390cos()9091.108cos(285.6  BV  

so 

m/s569.8BV  

Noting that CB has fixed length and rotates about fixed point C, tangential velocity 

BCV BCB  , so  

rad/s 569.8
0.1

569.8


BC

VB
BC  

To calculate angular velocity AB , resolve the velocity vector equation perpendicular to 

AB, i.e.: 

BAAB vvv   

i.e. ABAB ABVV   )90sin()90sin(  

Substituting values gives: 

AB5.1)9091.108sin(285.6)94.4390sin(569.8   

So 

rad/s 471.5AB  

 

  



Acceleration Analysis

 

The acceleration of B is calculating using vector equation 

𝒂B = 𝒂A + 𝒂BA
n + 𝒂BA

t       

Noting that link BC is in pure rotation then:  

𝒂B = 𝒂BC
n + 𝒂Bc

t  

Combining these equations gives: 

𝒂BC
n + 𝒂Bc

t = 𝒂A + 𝒂BA
n + 𝒂BA

t  

where the magnitudes of each terms are 

2

BC

n

BC BCa  =73.43m/s2 

BCBCBC

t

BC BCa   *1  

2

OAA OAa  =79.00 m/s2 

2

BA

n

BA ABa  =44.80 m/s2 

BABA

t

BA ABa  5.1  

 

Resolving the vector equation parallel to AB gives: 
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𝒂BC
n + 𝒂Bc

t = 𝒂A + 𝒂BA
n + 𝒂BA

t  

i.e. 
n

BAOA

t

BC

n

BC aaaa  )180cos(sincos   

Substituting values gives: 

90.441.71cos00.7994.43sin94.43cos43.73  BC  

so 

2rad/s39.25BC  

(Note: direction opposite to that shown in earlier figure) 

Resolving the vector equation parallel to BC gives: 

𝒂BC
n + 𝒂Bc

t = 𝒂A + 𝒂BA
n + 𝒂BA

t  

i.e.  sincos)cos(0 t

BA

n

BAA

n

BC aaaa   

Substituting values gives: 

94.43sin5.194.43cos90.4496.64cos00.7943.73 AB  

So 

2rad/s61.71AB  
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The acceleration of G is calculated using vector equation: 

t

GA

n

GAAG aaaa   

where the magnitudes of each terms are: 

n

BA

n

GA aa 5.0 =22.45m/s2 

t

BA

t

GA aa 5.0 =53.71m/s2 

Resolving the vector equation in the horizontal direction gives: 

t

GA

n

GAAG aaaa   

2m/s54.46)20180sin(71.53)20180cos(45.2220cos00.79  Gxa  

  



Resolving the vector equation in the vertical direction gives: 

t

GA

n

GAAG aaaa   

2m/s17.24)20180(71.53)20180sin(45.2220sin00.79  Gya  

The magnitude of the acceleration of G is: 

222 m/s44.5217.2454.46 Ga  


