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. Apply theory for 1D elements and the matrix method to

Learning Objectives

Recognise that FEA is a useful technique to aid the
solution of many Structural Mechanics problems

Understand how 1D elements and the matrix method
can be used to analyse uniaxial bars

A

Understand the derivation of the global stiffness matrix A/
of a truss element v

an assembly of bars



Learning Objectives

5. Understand how shape functions allow us to determine
displacement (and stresses and strains within an
element)

6. Understand how 2D approximations can be used to
simplify the modelling of 3D problems

7. Understand how (simple 2D) continuum elements allow
analysis of structures



SHEDERAGadLENED)

For our 1D bar, the displacement may be represented as a
linear polynomial

Node 1

F1_> F2_>

U=a;+ax
Area, A
Young’s modulus, £

o, and a, are constants which may be determined from the
nodal displacements and the geometry of the element

Atnode 1, x =0s0, u=u;=q
Atnode 2, X =L Sso, u=u,=a;,+al



Shape Functions (2)

o FI‘OIT] thIS a; — Uy

U —Uq
L

e AnNd a, =

e So the resultant displacement over the element is:

u(x) = aq + ax

X

u(x) = (1 — %) uq + 7 U



Shape Functions (2)

e Or in matrix form:

uw =[1-7 7{u)
u() = MG N01{,}
u(x) = [Nl{u}

where [N] (or N;(x) and N,(x)) are the shape functions of
the element, which specify the variation in displacement
within the element, here it is linear




Shape Functions (3)

e We can combine these shape
functions to define the
variation in displacement
across the element as shown

e The principle is the same for
2D and 3D elements




Shape Functions (4)

e The shape functions can also be used to determine the
strain in the element

du d
o dx[ {u}

d
ee==—[1-7 7|{u]
o= -7 7|la)

= [Bliuj

Exy = 7T




Shape Functions (5)

e And then the stress (for a uniaxial bar):

o = ¢E = [E][B]iu]

0=E’ ] J

e In this case, [E] is just a single value. For more
complicated 2D and 3D elements, more elements are

required in [E] but the principle is the same




Learning Objectives

5. Understand how shape functions allow us to determine A’/‘
displacement (and stresses and strains within an Z

element)

6. Understand how 2D approximations can be used to
simplify the modelling of 3D problems

7. Understand how (simple 2D) continuum elements allow
analysis of structures



The Principle of Virtual Work (1)

e The principle of virtual work is fundamental to structural
finite element (FE) analysis as it permits the development
of expressions for the stiffness matrices of a range of
different structural element types.

e This permits computational modelling of complex
geometries to give approximate solutions for displacement,
stress and strain distributions.



The Principle of Virtual Work (2)

e If we consider a 2D body in equilibrium under a set of
vector forces, leading to a set of vector displacements and
also to an internal stress and strain distribution:




The Principle of Virtual Work (2)

e The Principle of Virtual Work states that the work done by a
set of forces moving through a set of small, compatible
displacements is zero




The Principle of Virtual Work (3)

e Internal Virtual Work:
_ T
|74

e External Virtual Work:

SWext :f 5UFdS
S



The Principle of Virtual Work (4)

e Returning to our 1D element

e Internal Virtual Work:
Le
W, = | 6eloAdx

Leo

Wit = A j (5u)T{BY E{B}{u}dx

0 Lo

Wi = EA{U)T j (BYT{B}dx{w)

0



The Principle of Virtual Work (5)

e Returning to our 1D element

e External Virtual Work:

OWoyr = SuF; + Su,F, = {6u} {F}



The Principle of Virtual Work (6)

e The Principle of Virtual Work states:

6W — 5Wint — 6W€Xt — O
Le

EA{Su}" | {B}Y {B}dx{u} = {6u}' {F}

0

ea [ By (BYdxtu) = (F)
0



The Principle of Virtual Work (7)

e Consider:

Le

EA jo BV (B)dx = EA fo <

1 =

e So the stiffness equation becomes

[K]{u} = {F}

r_

1y
L, { 1 1}
d
1 L LY
\ L, J
as before



Learning Objectives

5. Understand how shape functions allow us to determine /\/
displacement (and stresses and strains within an Z

element)

6. Understand how 2D approximations can be used to
simplify the modelling of 3D problems

7. Understand how (simple 2D) continuum elements allow
analysis of structures



