Question 1

(a) Let’s do the replacement , where S is a constant source term. Integrating using the finite-volume method :

with , where A is the area which is a constant and cancels out:

where s: south and n: north. In the first integral, dy can be eliminated and the integral of a differential is the function itself, whereas the integrand function in the second integral is a constant, such that :

Using a linear profile assumption and the fact that the viscosity is constant:

Rearranging :

(b)


Matrix A :                                                                           Matrix B :
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Marking scheme : [1 mark] for correct dy, [1] for correct boundary conditions in A (1st and last row), [1] for correct procedure in calculating the 2nd, 3rd and 4th rows of A, [1] for correct boundary conditions in B (1st and last element), [1] for correct procedure in calculating the 2nd, 3rd and 4th elements of B. [1] if overall calculation is correct.

(c) Appropriate initial guess is , where . [1 mark]

First Gauss-Seidel loop [2 marks]:






Second Gauss-Seidel loop [1 mark]:





Question 2

(a)
Let’s start by integrating the heat conduction equation for an internal control volume: 
with , where A is the cross-sectional area of the domain, which is a constant and cancels out:

where w: west and e: east. In the integral, dx can be eliminated and the integral of a differential is the function itself, such that :

Using a linear profile assumption and the fact that the thermal conductivity and  are constant:

Substituting in the equation above and rearranging :

or:


(b)
For the leftmost boundary control volume, centred at x=0, we have the dummy equation :

For the rightmost boundary control volume, centred in x=L, we need to be careful to discretise the equation accounting for the knowledge of the heat flux. Considering a boundary control volume bounded by the internal face i at the left and the right face coinciding with the boundary node B:

and:

Now, based on the Fourier law:

but, in figure Q10, the heat flux is directed towards , and the exercise states that , this means that:

Replacing in the equation above:

and :

Rearranging, we obtain the final equation:

(c)

The matrices look like [2]:

And, with , , :




Question 3
Let’s do the replacement , where S is a constant source term. Integrating using the finite-volume method:

with , where A is the area which is a constant and cancels out:

where w: west and e: east. In the first integral, dx can be eliminated and the integral of a differential is the function itself, whereas the integrand function in the second integral is a constant, such that :

Using a linear profile assumption and the fact that the viscosity is constant:

Rearranging :

(b)


Matrix A :                                                                           Matrix B :
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Marking scheme : [1 mark] for correct dx, [1] for correct boundary conditions at left boundary (1st row of A and B), [1] for correct boundary condition at right boundary (last row of A and B) [1] for correct procedure in calculating the 2nd, 3rd and 4th rows of A, [1] for correct procedure in calculating the 2nd, 3rd and 4th elements of B.


Question 4
To prove the convergence order of the discretisation scheme, we must evaluate the approximation of the derivative twice using different grid spacing, and compare this with the exact solution. The exact value of the first-order derivative in  is [1 mark]:

Using , we must set  and , so that . 
The values of temperature in those points are: ;  . 
Therefore, the approximated value of the derivative is [2 marks]:

Using , we must set  and , so that . 
The values of temperature in those points are: ;  . 
Therefore, the approximated value of the derivative is [1 mark]:

Therefore, the error calculated as deviation between exact value of the derivative and its approximation is 0.01 when using , and 0.04 when using . The error becomes 4 times smaller when the grid spacing is halved, which proves that the discretisation scheme is 2nd order [1 mark]. 

Question 5
A penta-diagonal matrix is a matrix with 5 non-zero diagonals, while all the other elements are zero. The matrix of the coefficients is penta-diagonal in the case of a two-dimensional geometry [2 marks] discretised with a structured mesh [1 mark], because the temperature in a generic control volume within the domain will depend on the values at the 4 neighbours (north, east, south, west) [1 mark], thus giving a discretisation equation of the kind:  [1 mark]

Question 6
A truncation error that is  signifies that reducing the grid spacing by a factor  2, the error in the solution in principle reduces by a factor 4 [3 marks], and if the exact solution of the problem is a polynomial of order below 3, the discretisation scheme is exact [2 marks].

Question 7
To find the convergence order of the method, we must place the three points in a log-log plot dx vs E, and find the slope of the line that passes through these points. In a log-log plot, a line fitting our points has equation Y=m*X+q, with m being the slop and q the ordinate at which the line crosses the vertical axis. For us, Y is Y=log(E) where E is the error, and X=log(dx) where dx is the grid spacing, so that log(E)=m*log(dx)+q is the equation of the curve. We must find the slope m, we can do this by using 2 of the 3 points available, for example the first and third:
log(E1)=m*log(dx1)+q
log(E3)=m*log(dx3)+q
By subtracting the last equation from the first:
log(E1)- log(E3)=m*(log(dx1)- log(dx3))
And thus we can find m [3 marks]:

Using the values given by the exercise, the equation above returns the value of m=3: this means that the numerical method is third-order accurate with respect to the grid spacing [2 marks]. Note that the result is independent of the choice of the logarithm base.
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