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1. (a) Find the general solution of the ordinary differential equation

𝑑2𝑦
𝑑𝑥2 − 4

𝑑𝑦
𝑑𝑥

+ 3𝑦 = 3𝑥2 − 2𝑥 − 3.

[10 marks]

(b) Find the solution of the system of ordinary differential equations

𝑑𝑥
𝑑𝑡

= 2𝑥 − 𝑦,
𝑑𝑦
𝑑𝑡

= 𝑥 + 2𝑦,

[10 marks]

subject to the initial conditions 𝑥(0) = 1, 𝑦(0) = 0.

2. Consider the periodic function 𝑓(𝑥) defined by

𝑓(𝑥) = 𝑥2
for −1 ≤ 𝑥 ≤ 1, with 𝑓(𝑥 + 2) = 𝑓(𝑥) for all 𝑥.

(a) Sketch the graph of 𝑓(𝑥) for −2 ≤ 𝑥 ≤ 2. [2 marks]

(b) Is 𝑓(𝑥) odd, even or neither odd nor even? [2 marks]

(c) Find the Fourier series of 𝑓(𝑥). [12 marks]

(d) By evaluating the Fourier series of 𝑓(𝑥) at 𝑥 = 1, evaluate
∞

∑
𝑛=1

1
𝑛2 .

[4 marks]

3. (a) Show, using the definition

̄𝑓 (𝑠) = ∫
∞

0
𝑓(𝑡)𝑒−𝑠𝑡𝑑𝑡,

and repeated integration by parts, that the Laplace transform of
𝑑3𝑓
𝑑𝑡3 is

𝑠3 ̄𝑓 (𝑠) − 𝑠2𝑓(0) − 𝑠𝑓 ′(0) − 𝑓 ″(0),

where a prime denotes 𝑑/𝑑𝑡. [5 marks]

(b) Show that the Laplace transform of the solution of the ordinary differential equation

𝑑3𝑦
𝑑𝑡3 − 2

𝑑2𝑦
𝑑𝑡2 −

𝑑𝑦
𝑑𝑡

+ 2𝑦 = 𝛿(𝑡 − 1),

subject to the initial conditions

𝑦(0) =
𝑑𝑦
𝑑𝑡

(0) = 0,
𝑑2𝑦
𝑑𝑡2 (0) = 1,

is

̄𝑦(𝑠) = 1 + 𝑒−𝑠

(𝑠 − 1)(𝑠 + 1)(𝑠 − 2)
,

and hence determine 𝑦(𝑡). [15 marks]
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4. The behaviour of the small displacement, 𝜙(𝑥, 𝑡), of a stretched string of length 𝐿 that lies

in 0 ≤ 𝑥 ≤ 𝐿 is governed by the wave equation,

𝜕2𝜙
𝜕𝑡2 = 𝑐2 𝜕2𝜙

𝜕𝑥2 ,

where 𝑐 is a positive constant and 𝑡 is time, subject to the boundary conditions

𝜙(0, 𝑡) = 𝜙(𝐿, 𝑡) = 0.

A separable solution of this partial differential equation takes the form 𝜙(𝑥, 𝑡) = 𝑋(𝑥)𝑇 (𝑡).
(a) Determine the ordinary differential equations satisfied by 𝑋(𝑥) and 𝑇 (𝑡). [4 marks]

(b) Solve these equations and hence write down the general solution for 𝜙(𝑥, 𝑡), giving
careful consideration to the sign of the separation constant. [10 marks]

(c) If

𝜕𝜙
𝜕𝑡

(𝑥, 0) = 0 and 𝜙(𝑥, 0) = 𝑓(𝑥),

[4 marks]

determine an expression for any constants in the general solution for 𝜙(𝑥, 𝑡) in terms

of 𝑓(𝑥).
(d) If 𝑓(𝑥) = sin (3𝜋𝑥/𝐿), determine 𝜙(𝑥, 𝑡). [2 marks]

5. (a) For events 𝐴 and 𝐵 it is known that 𝑃 (𝐴) = 1
3 , 𝑃 (𝐵) = 2

5 and 𝑃 (𝐴 ∩ 𝐵) = 1
6 .

i) Determine the probability that 𝐴 occurs, given that 𝐵 occurs.

ii) Determine the probability that 𝐴 occurs, given that 𝐵 does not occur.

[4 marks]

(b) Suppose that the number of faulty switches in each batch produced by Switch-a-lot

follows a Poisson distribution with mean 3/2. What is the probability that a given batch

contains more than 1 faulty switch? [3 marks]

(c) Suppose that door frames in use on a building site have width that follows a Normal

distribution with mean 605 mm and standard deviation 2 mm; and that the widths of

doors being used also follow a Normal distribution, but with mean 602 mm and standard

deviation 3/2 mm.

i) Find the probability that a randomly chosen door is at least 600 mm wide.

ii) Find the probability that the width of a randomly chosen door is less than that of a

randomly chosen door frame.

[7 marks]

(d) Testing of the fuel efficiency of a new design of diesel electricity generator takes place

in 50 different scenarios (representative of industrial use) and the observed efficiencies

from those scenarios have sample mean 15.72 litres/hour and sample variance

2.1 (litres/hour)2
.

Construct a 95% confidence interval for the mean fuel efficiency of the new generator;

and comment on how the data suggests the efficiency of the new generators compares

to that of the existing design which achieves an average efficiency of 16.2 litres/hour.
[6 marks]
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